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This work is based on a description of quantum reference frames tliat seems more basic tlian 
others in the literature. Here a frame is based on a set of real and of complex numbers and a 
space time as a 4-tuple of the real numbers. There are many isomorphic frames as there are many 
isomorphic sets of real numbers. Each frame is suitable for construction of all physical theories as 
mathematical structures over the real and complex numbers. The organization of the frames into 
a field of frames is based on the representations of real and complex numbers as Cauchy operators 
defined on complex rational states of finite qubit strings. 

The structure of the field is based on noting that the construction of real and complex numbers 
as Cauchy operators in a frame can be iterated to create new frames coming from a frame. Gauge 
transformations on the rational string states greatly expand the number of quantum frames as, for 
each gauge U, there is one frame coming from the original frame. Forward and backward iteration 
of the construction yields a two way infinite frame field with satisfying properties. There is no 
background space time and there are no real or complex numbers for the field as a whole. Instead 
these are relative concepts associated with each frame in the field. Extension to include qukit strings 
for different k bases, is described as is the problem of reconciling the frame field to the existence of 
just one frame with one background space time for the observable physical universe. 

PACS numbers: 03.65.Ta,03.67.-a 



I. INTRODUCTION 

As is well known, real and complex numbers are very 
important to physics. All physical theories can be de- 
scribed as mathematical structures erected over the real 
and complex numbers. All theoretical predictions can be 
represented as real number solutions to equations given 
by the theories. Also in many of the theories space time 
is represented as a 4 tuple (or D-tuple in string theories) 
of the real numbers with an associated topology or metric 
structure. 

Another basic aspect of physics is that all physical rep- 
resentations of integers and rational numbers consist of a 
finite string of physical systems in states that correspond 
to a A: — ary representation of a number. Examples in- 
clude the binary string representation of numbers used 
in most computations and computers, and the numerical 
output of measurements as finite strings of decimal dig- 
its. The string representation is also used in languages 
where words are strings of symbols in some alphabet. 

These aspects emphasize the importance of real num- 
bers. Complex numbers are ordered pairs of real numbers 
with appropriate rules for addition and multiplication of 
the pair components. A 4 tuple of real numbers is the 
representational basis for space time with topologies or 
metric structures added as appropriate. Also emphasized 
is the importance of finite strings of kits or qukits as 
k — ary representations of rational number approxima- 
tions to real and complex numbers. These will play a 
basic role here. 

Another aspect of central importance here is that there 



are many different reference frames in quantum theory 
[1|. They play an important role in quantum security 
protocols where a sender and receiver choose a reference 
frame for transmission and receipt of quantum informa- 
tioniaii. 

In this paper reference frames play a much more basic 
role than has been used so far. In work done to date, 
such as that referenced above and [g, different reference 
frames are described within a fixed background space 
time. They are also based on a fixed set of real and 
complex numbers. Here each reference frame is defined 
by or based on sets of real numbers, R, and complex 
numbers, C, and i?** as a basis of space time. The choice 
of topology and additional structure on R^ depends on 
the theory being considered in the frame. 

Since there are many different isomorphic representa- 
tions of the real numbers there are many different iso- 
morphic frames. Each frame is equivalent in that physi- 
cal theories constructible by an observer in any one frame 
should have their equivalents in any other frame. This in- 
cludes all theories that are mathematical structures over 
the real and complex numbers and describe the dynamics 
of systems in the background space time. 

If all these frames were not related and were indepen- 
dent of one another, this result would be of very lim- 
ited interest. However this is not the case. The different 
frames are related. They form a structure that is a field of 
iterated quantum frames over the local and global gauge 
transformations of complex rational string states. 

The goal of this paper is to describe this structure and 
some of its properties. The structure is based on the 



quantum theory definitions of real and complex numbers 
as (equivalence classes of) Cauchy operators. The def- 
inition of these operators is based on that for Cauchy 
sequences of real or complex rational string states Q- 
These are states of finite qubit (or qukit) strings that are 
the quantum equivalent of the representation of real or 
complex rational numbers as finite digit strings in the 
binary (or k — ary) basis. 

The iteration of frames arises from the observation that 
in any frame, finite complex rational string states can be 
defined along with a set of Cauchy operators on these 
states. Since these Cauchy operators are real and com- 
plex numbers, they form the basis of another frame with 
a space time basis as a 4 — tuple of the real number oper- 
ators. This frame can be said to come from or emanate 
from the original frame. Since this process can be iter- 
ated one ends up with a finite, one way infinite, or two 
way infinite structure of iterated quantum frames. 

This one dimensional structure of iterated frames be- 
comes two dimensional when one notes that there are 
a large number of representations of complex rational 
string states related by global i|| and local gauge trans- 
formations on the qubit string states. Extension of the 
structure to show the large number of different frames, 
one for each gauge transformation, coming from a frame, 
gives the resulting field structure of quantum frames. 

Most of this paper is devoted to describing and un- 
derstanding various aspects of this structure. The next 
section gives a representation of complex binary ratio- 
nal string states in terms of products of qubit creation 
operators acting on a vacuum state. Basic arithmetic re- 
lations and operations are described. Section imi repeats 
the definition in 1\ of Cauchy sequences of complex bi- 
nary rational string states and uses it to define operators 
that satisfy a corresponding Cauchy condition. The real 
and complex number status of sets of Cauchy operators 
is based on noting that the proofs given in ,7] can be 
applied here. 

Gauge transformations, as products of unitary opera- 
tors in SU{2), are introduced in Sect ion HVI Transforma- 
tions of rational string states and of the basic arithmeti- 
cal relations and operations are described. Transformed 
Cauchy operators and the transformed Cauchy condition 
that they satisfy are also described. 

Section^uses these results to describe the basic struc- 
ture of frames emanating from frames and the frame 
fields. The relation between observers in adjacent frames 
is discussed. Section IVII completes the structure descrip- 
tion by expanding it to include number strings to any 
base. It is seen that in this case each qukit operator in 
a gauge transformation can be represented as a product 
of operators in U{1) x SU{2) x • • • x SU{pm). Here Pm is 
the mth prime number. 

The next section addresses the fundamental question 
of the connection of the structure to physics. The main 
problem is how to reconcile the infinity of reference 
frames, each with its own numbers and space time arena, 
to the physical existence of just one space time arena 



for physical systems ranging from cosmological to micro- 
scopic. In essence the problem is that all frames in the 
frame field are isomorphic or unitarily equivalent. But 
they are not the same. 

The solution of this problem is left to future work. 
However, it is noted that this requires some sort of pro- 
cess of merging or collapsing the frames into one frame, 
either by direct steps or by some limiting process so that 
the frames all become the same frame in the limit. Pos- 
sible approaches include use of quantum error correction 
code methods, particularly those of dccohcrcnce free sub- 
spaces [3 • An example of how this might work is briefiy 
summarized. 

It is clear that much work remains to be done. How- 
ever, the frame field picture is quite satisfactory in many 
ways. For the two way infinite field there is no absolute 
concept of given or abstract real or complex numbers. 
As is the case with loop quantum gravity 11], there is 
no background space time associated with the frame field 
as a whole. These are relative concepts only in that for 
an observer in a frame, the real and complex numbers 
are abstract and the frame space time is the background. 
However, they are different for different frames. Also the 
frame tree has a basic direction built in, that of frames 
coming from frames. This picture also provides some con- 
crete steps towards the construction of a coherent theory 
of physics and mathematics together [l^ . 

Another advantage of this approach is that it may pro- 
vide a new approach to resolution of outstanding physical 
problems such as the integration of gravity with quantum 
mechanics. The new approach is based on the possibil- 
ity that what an observer in a frame F sees as quantum 
dynamics of qubit string systems in states that represent 
numbers, and the corresponding dynamics of Cauchy op- 
erators, may be interpreted by an observer in a frame 
coming from F as properties of his space time. This 
would avoid the problem of an observer having to recon- 
cile quantum mechanical aspects of systems and gravity 
for the same space time background of his own frame. 
In this approach it is possible that quantum dynamics 
of some systems in one frame correspond to metric and 
topological properties of space time in another frame. 

If one regards complex numbers as ordered pairs of 
real numbers and space time as based on a 4 tuple of 
real numbers, then real numbers can be considered as 
the basis of the whole frame field construction. However 
complex numbers are basic because physical theories are 
mathematical structures over the complex numbers. Also 
a space time arena is needed for any theory describing 
the dynamics of systems moving in space time. A theory 
such as loop quantum gravity [ill [131 , which is space time 
background independent, can be in any of the frames by 
ignoring the space time part of the frame. Aspects of 
string theory that emphasize the emergent properties of 
space times and the connections to general relativity [l3 | 
may be relevant. 

Here complex numbers will be built directly by work- 
ing with complex rational number states of qubit strings 



described by two types of annihilation creation operators, 
one for real and one for imaginary rational number states. 
In this way both components of complex numbers will be 
built up together rather than first building real numbers 
and then describing complex numbers as ordered pairs of 
real numbers. 

There does not appear to have been much study of 
quantum theory representations of real or complex num- 
bers. The first mention of representations of real numbers 
as Hermitian operators appeared in the 1980s in a study 
of Boolean valued models of ZF set theory [la| and ap- 
pears to have been studied briefly at that time [13, uM ■ 
Other more recent work on quantum representations of 
real numbers includes that in Q and [l^ |20, UM- Of 
special note is recent work that emphasizes the possi- 
ble importance of different sets of real numbers based on 
Takeuti's work in a category theoretic setting |2^ . 



II. REAL AND COMPLEX BINARY RATIONAL 
STRING STATES 

There are a great many ways to represent real, imag- 
inary, and complex binary rational string numbers in 
quantum theory. Here a representation based on anni- 
hilation creation operators for qubits is used that is dif- 
ferent from that in 7] and 14] in that both the Os and 
Is will be included. This coincides with the usual de- 
scriptions of quantum information as — 1 string states 
of qubit strings. 

Let aa,j and a^ where a — 0, 1 and j — 
• • • , — 1, 0, 1, • • • be annihilation creation (AC) operators 
for one type of system in state a at integer site j. Simi- 
larly let bp,j and oL be AC operators for another type of 
system in state /3 = 0, 1 at site j. For bosons or fermions 
the AC operators satisfy commutation or anticommuta- 
tion relations respectively: 



^"J'^q'j'J ^ "j,3'"a,a' 



[daj, O^a'J' 



Ct.J 7 



'J-a',]'] = 



{air al'j'} = {aaj,aa'j'} = 0. 



(1) 



(2) 



with similar relations for the b operators. 

Real and imaginary binary string rational states are 
represented by products of finite numbers of a system 
(real) and b system (imaginary) creation operators acting 
on the vacuum state |0). Here |0) denotes the empty qubit 
string. Also present in the operator strings are one c 
system and one d system creation operator, c ; and d^ j,. 
The labels 7,(5 = -|-, — are the signs and I and k are 
the integer locations of the "binal" points for the real 
and imaginary components of the complex string rational 
states. 

In the following I and k will be restricted to the value 
I = k = 0. This results in a simpler discussion of the 



arithmetic aspects of the rational string states. To this 
end let s : [^nW^] — + {0,1} and t : [li,Ui] -^ {0,1} 
be functions from the integer intervals [/r, Ur], [Zi,Ui] to 
{0,1}. Here lr,h < and Ur,Ui > 0. Complex binary 
rational string states are represented by 



^'l,0^s{l^),l^^s{l^ + l),l^ + l 



J 



dLbl 



s{Ur),Ur-"'&fi t{li).li 



■■b\, , 



|0) 



(3) 

The number is represented by clj.gajg|0). The right- 
hand expression in Eq. |51 is a short way to express the 
product of AC operators in the string state. Note that 
the a, 6, c, d operators all commute with one another. 

In what follows it is useful to restrict s and t to 
exclude leading and trailing strings of Os. To this 
end s(lr) and s{ur) y^ ii Ir < and Ur > and 
t{li) and t{ui) 7^ if Zi < and Ui > 0. 

In the representation used here the integer subscripts 
of the a and b operators represent positive or negative 
distances from the " binal" point and not locations on an 
underlying space lattice. Also the a and b systems could 
be at the same space locations or at different locations. 
Here it does not matter which is used as the a and b 
systems are distinct. 

One advantage of both quantum and classical represen- 
tations that include a "binal" point is that the numerical 
value of any rational number state is invariant under any 
space or time translation of the representation. Values 
of lr,Ur,li, Ui are the same wherever the string is located 
and the binal point location is always set equal to 0. 

Another aspect of the representation used here is that 
a complex rational state can be represented either as one 
state or as a pair of states. As one state it is repre- 
sented as a string of a, b creation operators and one c, d 
operator acting on the vacuum state. As a pair of states 
it is represented by cj^ (,(a|';_^_^^j)'|0), 4,o(^[;,,„,])*|0) rep- 
resenting the real and imaginary rational string states. 
Note that location is occupied by both a ± sign and a 
qubit state. An example of c'^Q^at ^ ^y\0) with 7 = -I- 
is |1011 -f 0101). Here Ir = -4 and Ur = 3 and the + 
sign is understood to be at the same location as the 
digit immediately to the left. The usual representation 
of 1011 + 0101 is +1011.0101. 

In what follows it will be helpful to work with a sim- 
pler notation. To this end complex binary rational string 
states are represented by I7S, 5t) where 



|7.,<5t)^4,o(at^„^,)^4g(6t^„^,)*|0). 



(4) 



Pure real and pure imaginary states are represented by 
|7s) and \St). 

An operator N can be defined whose eigenvalues corre- 
spond to the values of the numbers one usually associates 
with the string states. N is the sum of two commut- 
ing operators N^ and N^ corresponding to the real and 
imaginary components. Each operator is the product of 
two commuting operators N^'^ and N^'^ . These give re- 
spectively the sign and binary power shift given by the 



"binal" point location, and the binary value. One has 



N = N'' + N'^ N^gN^' + N'.gNi (5) 



where 



^5 = T,j 74,oC7,0 



(6) 



^' = E/5,.,-*/32-'"C&^,i 






Note that the eigenvalues of these operators are inde- 
pendent of the ordering of the a, 6, c, d operators. For 
bosons the state is independent of the order of the oper- 
ators, for fermions a fixed ordering, such as that shown 
in the equation with j increasing from right to left will be 
used here. This operator is defined for reference purposes 
only as it is not used in the following. 

Arithmetic properties and operations can be defined 
independent of N . It is sufficient to define the basic rela- 
tions as all properties are combinations of the basic ones 
using the logical connectives. The basic properties or re- 
lations are arithmetic equality =a and ordering <a ■ Let 
|7s) and \^'s') be two real rational states and \5,t) and 
|5',i') be two imaginary rational states. Then 



|7s) =A W s') if and only if 7 = 7' and s — s' 
\S, t) ^A |<5', t') if and only li 5 = 5' and t = t' . 



(7) 



The definition says that two real or imaginary rational 
string states are arithmetically equal if they have the 
same signs and distributions of Is and Os on the same 
integer intervals. Two complex rational states are equal 
if both the real and imaginary parts are equal. 

For any function s define 1^ = {j : s{j) = 1} as the 
set of sites on which s(j) = 1. Arithmetic ordering on 
positive real rational states is defined by 



,s) </ 



if 1, < 1, 



(8) 



where 



\s < Is' if there is a j where j is in !<,' and not in Is 
and for all k > j kelg iff kelg'. 

(9) 
The extension to zero and negative real rational states is 
given by 

clWofil^) <A c^,o(4. «.])'l^) ^^"^ ^^1 ^ (10) 

\+,0,s)<a\+,0,s')^\-,0,.3')<a\-,0,s). 

Similar relations hold for the imaginary components of 
complex string states. 

Definitions of operators for the arithmetic operations 
+a,'Xa,~a,'^a,-i, addition, multiplication, subtrac- 
tion, and division to any accuracy 2~ can be obtained by 
converting those given in [lj| to the definitions of com- 
plex rational string numbers used here. Detailed defi- 
nitions in terms of AC operators will not be given here 



as nothing new is added. One should note that these 
operators are binary. For instance for addition one has 

+a\is, St) X |7's', S't') = |7s, St) X |7"s", S"t"). (11) 

Here the state |7"s", S"t") is the result of the addition in 
that 

|7"s", S"t") ^A hs, St) +A h's', S't'). (12) 

The righthand term expresses addition in the usual way 
and will often be used here. Similar considerations hold 
for the other three arithmetic operators. 

The arithmetic relations also have a direct quantum 
theoretic expression in terms of AC operator products 
and sums. These expressions are obtained by translating 
the conditions expressed in the definitions into opera- 
tor expressions such that states are in the subspace of 
eigenvalue 1 for a projection operator if and only if the 
statements are true. 

For example |7s) —a W s') is true if and only if 



P=j7s) X I7V) = |7s) X I7V) 



(13) 



where 



P=, \is) X |7's') = V V IT Pi.,P.,o|75> xPi,,P.,o|7's'>- 



u w jew 



(14) 

Here v = +,— , and the w sum is over all finite subsets 
of integers. The righthand projection operators are given 
by 



Pi. 



flljOlj Pi^,0 — (^ufi^vfi- 



(15) 



The projection operator for <^, P<^, is given by 
P<^ — P^j^ -t- P<^. For positive states (those with 

7 = 7' = +), 

p<,H-,o,s) X |+,o,.') =E..„'E,.™n™f"''"''^ 

E.=o 1 ^o,,P».fc|+,0, s) X Pi,,P,,fc|-l-, 0, s'). 

(16) 
Here max{'w^ w'} is the largest number in both w and w' . 
Eq. ^]is set up to correspond to the expression in Eq. |51 
For extension to negative states one has P<^| — ,0,s) x 
I-, 0, s') = I-, 0, s) X I-, 0, s') if and only if P<^ |-, 0, s'> x 
| + ,0,5) = |-,0,s')x |-,0,5). 

It is to be emphasized that all arithmetic operations 
and relations are distinguished from quantum mechanical 
relations and operations by subscripts. For instance =a 
and -\-A denote arithmetic equality and addition: — and 
-f denote quantum mechanical state equality and linear 
superposition. 



III. REPRESENTATIONS OF REAL AND 
COMPLEX NUMBERS IN QUANTUM THEORY 

Here the binary complex rational string states are used 
to describe representations of real and complex numbers 



in quantum theory. The work makes use of the results 
in Q- Real, imaginary, and complex numbers are repre- 
sented as Cauchy sequences of real, imaginary, and com- 
plex rational string states. The definitions, given in j^ 
for binary representations of rational numbers that sup- 
press use of the Os, apply here also. 

Let {|7s)„} = {\^s)n : n = 0, 1, • • •} denote a sequence 
of states |7„s„) where the possible n dependence of the 
sign, and qubit states in a string s„ defined on the interval 
[lr,mUr,n\ is made explicit. This shows that all string 
state parameters can depend on the position n in the 
sequence. The sequence satisfies the Cauchy condition if 



For each £ there is an h where for all j,k > h 

\i\ljSj-lkSk\))<A\ + ,-i)- 



(17) 



In this definition \{\jjSj - jkSk\)) = WljSj) -a |5feSfe>U 
is the state that is the arithmetic absolute value of 
the arithmetic difference between the states |7j,Sj) and 
|7fe,Sfc). The Cauchy condition says that this state is 
arithmetically less than or equal to the state \ + ,—£) = 

^+ 0% -1*^0 -2 ' ' ' '^0 -i+i^i -e\^) f*-"^ ^^^ .?' ^ greater than 
some h. The N eigenvalue of the state |-|-, —i) is 2~^. 

This definition can be easily extended to imaginary 
and complex binary rational string states. For complex 
states the Cauchy condition is 



For each £ there is an h where for all j,k > h 

\{\jjSj -jkSkD) <A |+,--^> and 

\{\Sjtj-Sktk\))<A\ + ,-i) 



(18) 



It was also seen in |7| that the Cauchy condition can be 
extended to sequences of linear superpositions of complex 
rational states. Let Vn = J2-y,sJ25.thS'^t)h^'^A^n)- 
Then 

'E,,.Es,EyyEs',t'\{ls,St\^,){l'^':S',t'\^,r.)\' 
(l(l7s-7V|))<A|+,-^)and 
\{\6t~6't'\))<A\+,~£)) 

(19) 
is the probability that the arithmetic absolute value of 
the arithmetic differences between the real parts and the 
imaginary parts of "tpj and ipk are each arithmetically less 
than or equal to |-|-, —£). The sequence {ipn} satisfies the 
Cauchy condition if P{if,i — 1 where 

P{^^} = lira inflim sup liminfPj^m,^- (20) 

" i — 'oc /^ ^QJ3 j.k>h 

Here Pi^i is the probability that the sequence {ipn} 
satisfies the Cauchy condition. 

An equivalence relation is defined between Cauchy se- 
quences by noting that {\js,St)n} = {\j's',S't')m} if 
the condition of Eq. ^|is satisfied with 7^, s'^, replacing 
7fc, Sk and S'^.t'f, replacing Sktk- Similarly {-ipn} = {-^ml if 
_P{fr.}={f'} = 1 where P|^„}={^/^} = 1 is given by Eqs. 
[T9I and l201with ip'^. replacing ipk in Eq. dl 

The equivalence relation is used to collect Cauchy se- 
quences into equivalence classes. The sets of equivalence 



classes of Cauchy sequences of real, imaginary, and com- 
plex rational string states and their linear superpositions 
are the real numbers Ra, imaginary numbers I a and 
complex numbers Ca- It is shown in 7] that Ra, I a, Ca 
satisfy the relevant axioms. 

The new step here is to replace sequences of binary 
rational string states with operators and require that the 
operators satisfy the Cauchy condition. To achieve this 
one needs to define the rational string states that are the 
nonnegative integers. The state \^s) = cJ^Q(at ^ i)*|0) 
is a nonnegative integer if 7 = -I- and l^ — 0. This corre- 
sponds to the observation that bit string numbers such 
as -1-10010. = 10010-1- are nonnegative integers. 

Let O be a linear operator whose domain is the Fock 
space over the nonnegative integer states {|-l-,s)} and 
whose range is the Fock space over the binary complex 
rational string states. One has 



oi+,s') = EEi^*''^^)(^^''^^i^i' 



(21) 



7,s S,t 



In general the state 0\+,s') is a linear superposition of 
binary complex rational states. If the O matrix elements 
are nonzero only if i = (s = 0) then 0\+,s') is a 
superposition of real (imaginary) rational string states. 

Here the interest is in operators that are normalized 
and satisfy the Cauchy condition. Normalization means 
that 



-,s\0^0\+,s) = 1 



(22) 



for all integer s. For the Cauchy condition, first restrict O 
so that 0\+,s') is just one binary rational state instead 
of a superposition of more than one of them. Then O 
satisfies the Cauchy condition if 



For each |-f , —£) there is a state \ + ,Sh) 

where for all states |-|-, Sj), |-|-, Sk) >a | + , s/i) 

|Pfl6|+,Sj) -A |-PfiO|+,Sfc>U <A 1 + ,-^) and 

\Pld\ + ,S,)-A\Pld\ + ,Sk)\A<A\ + ,~() 



(23) 



Here Pr and Pi are projection operators onto the sub- 
spaces of real and imaginary rational string states and > a 
is the natural arithmetic ordering of the integer states. 
This definition mirrors that of Eq. ^|with integer states 
replacing ft,, j, k. If the states 0|-l-, s) are linear superpo- 
sitions as in Eq. 1211 then the Cauchy condition is given 
by Eq. 1191 with tf^j and 4'm replaced by 0\-^,Sj) and 
0|+,s,„). 

From this one sees that the set of all operators O that 
are normalized and are Cauchy (satisfy Eq. l23lor[T^with 
the replacements indicated) can be gathered into equiva- 
lence classes of real, imaginary, or complex numbers. In 
what follows elements of equivalence classes will be con- 
sidered as representatives of the classes. Thus O is a pure 
real or pure imaginary number if the respective imaginary 
or real parts of 0\ + , s) ^ as |-|-, s) -^ co. These will be 
referred to in the following as Cauchy operators. 



Let TZ,T,C denote the sets of Cauchy operators that 
are pure real, pure imaginary, or complex. As is well 
known, both TZ and 2 are contained in C. The proofs 
that the Cauchy sequences of rational string states have 
the relevant axiomatic properties, given in [71, also 
apply here. The proofs are based on definitions of 
the basic relations and operations such as —r; <r and 
+-R, X/j, —n, -^f{ that are based on corresponding defini- 
tions of these relations and operations for rational string 
states. 

For example, if O and O' are normalized Cauchy op- 
erators and, for each integer state \s), 0\s) and 0'\s) are 
single rational string states, then one can define O" for 
all \s) by 



6"\s) = d\s) 



0'\ 



(24) 



(From here on the -f- sign will be suppressed in the non- 
negative integer states.) This equation states that the 
left hand state is defined as the quantum state that is 
the arithmetic sum of the right hand states. Note how 
different this is from the usual quantum mechanical su- 
perposition. For example, the equation has a very differ- 
ent meaning if -I- a is replaced by -t-. 

The usual numerical relation \x + y — {x' + y')\ < \x ~ 



\ + \y — y'\ apphed here gives 
\PBO\s)k +A PBO'\s)k -A {PrOIs), 

<A \PRO\s)k~APRO\s)j\A 
+A\PRd'\s)k-APRd'\s),\A. 



PrO' 



)j)\A 



(25) 

Since O and O' are Cauchy, it follows that O" is Cauchy 
for the real component. Repeating the argument for the 
imaginary component shows that O" is also Cauchy for 
the imaginary component. One concludes then that O" 
is the numerical sum of O and O' , 



6" = 6+b6'. 



(26) 



Note that the equality is the operator equality in quan- 
tum mechanics but the sum is not; it is the numerical 
sum as defined for the addition of two complex numbers. 
To coincide with standard usage the subscript R is used 
for real, imaginary, and complex numbers The presence 
of the subscript helps to avoid confusion with other uses 
of these symbols. 

If the states 0\s) and 0'\s) are linear superpositions 
as in Eq. |^ then Eq. |^ is not valid as the result of 
arithmetic addition is a density operator state 

Pd\s)+d'\s) ^ E-ys.5tT.ys',S't'T.j"s".5"t" 1(75,-^*1015)12 

x{j's',6't'\d'\s){s\d'\y's",s"t") 

xi\-fs,St) +A Ws',S't')){{-fsSt\ +A {i"s",6"t"\. 

(27) 
The proof that this is Cauchy uses the diagonal terms 
only (7' = 7",s' — s",S' = 6",t' = t") and is given in 

The definition of -1-^ applies in this case also because 
the definitions in Eqs. [21 and |2S1 apply to equivalence 



classes containing the operators of Eq. [^ Since every 
equivalence class contains operators that satisfy Eq. |31 
it apphes to O, O' in Eq. EH 

Similar definitions can be given for the other numer- 
ical operations, x^j, — ^j, -f-^j by converting those given 
in 7] to the operator definitions used here. These 
definitions also apply to more complex analytical op- 
erations and functions such as df{x)/dx and integrals 
J f{x,y)dx where a,b,x,y are operator variables rang- 
ing over TZ,J,C. 

It follows that all of real and complex analysis and 
all mathematics used in physics that is based at some 
point on real and complex numbers can be based on the 
sets TZ,T,C of (equivalence classes of) these operators. 
Also in any theory that models space time as i?^, or R^ 
and R nonrelativistically, can be based on space time 
modeled as TZ'^, or as 7?,^ and TZ. In this sense one sees 
that the complex rational states as defined here provide 
a reference frame [ISj for physical theories and for space 
time that is based on the real and complex numbers as 
normalized Cauchy operators for the complex rational 
states. 

This description extends to many different reference 
frames that are unitarily equivalent to the frame de- 
scribed above. To see this let U be an arbitrary uni- 
tary transformation of the binary complex rational string 
states. It is clear that in general, arithmetic relations 
and operations are not conserved under U. For exam- 
ple one can have \js,St) =a \j's',S't') but U\^s,dt) ^a 
U\j's' ,5't'). Also the Cauchy property is not conserved 
for most U in that if O is Cauchy on {\js, St)} it is not 
Cauchy on {U\js,dt)}. 

All the desired properties can be recovered by re- 
placing the original definitions of arithmetic relations 
and operations, described in the previous sections, by 
transformed relations and operations. That is, —j\ 
,<A and +A, Xa, — A, -^A,f are replaced by appropri- 



ately defined relations and operations = 



AU, <AU 



and 



+AU,>^Au,-Au,^Au,e, and O is replaced by Ou- Use 
of these replacements in the descriptions of the previ- 
ous sections gives an entirely equivalent description of 
rational string states and real, imaginary, and complex 
numbers, all in a different reference frame. 

Since there are many different unitary operators U it 
follows that there are many different reference frames 
each with their sets TZjj , Tjj , Cij of real, imaginary, and 
complex numbers with appropriate definitions of —rjj 
, <R.u,+RU, etc. 



IV. GAUGE TRANSFORMATIONS OF 
REPRESENTATIONS 

Gauge transformations of the qubit strings are an inter- 
esting type of unitary transformation to consider. Both 
global and local gauge transformations of qubit strings 
will be considered. These are described by elements of 
SU{2) acting on each a and b qubit. Their possible ac- 



tion on the sign c and d qubits will be suppressed here to 
keep things simple. Global gauge transformations, which 
have the same U applied to each qubit in a string, have 
been recently considered in the context of reference frame 
change in quantum information theory jS] and are used 
in studying decoherence free subspaces J2| . 

Gauge transformations are represented here by 

\^s,St) ^ U\js,St) = {x]^iU,,^\^s)) X {x]^iV,,2m) 

(28) 
where 

= '^\,Q^"'k^Js{U)U ■ ■ ■ (aL,,i)sK),«. (29) 

For global transformations Uj^t is the same operator for 
all index values. Transformations of the single qubit a 
and b operators are given by 






From the expansion of Uj,i as 



one obtains 



^i.i '^^iUj.i),,haljahj 






(30) 



(31) 



(32) 



The same equations hold with b replacing a and C/j.2 re- 
placing Uj,i for the operators of the imaginary compo- 
nent. 

These results can be inserted into the transformed 
string state U\js, St) to express it in terms of the orig- 
inal a\,,b\, ,. The result is a product of terms with 
each term given by Eq. |221 For example Eq. |321 
gives {a\j^JsU),j = {Uo.i)i,s(j)a\^j + {Uj,i)omj)<4),] and 
(^t/,,2)*0)j = (f^J.2)i,tO)6lj + (f^J.2)o,ta)&oj- 

The arithmetic operators +a, Xa, — Aj-^a,; transform 
under U in the expected way. For +a one defines +a u 

by 



Then 



+A,U = {Ux U)+AiU^ X C/t). 



'^A,u{U\-fs,dt)xU\ys',d't')) 

^{UxU)+A{\ls,5t)x\j's',S't')) 



(33) 



(34) 



as expected. This is consistent with the definition of +a 
in Eq. 1111 which shows that +a is a binary relation. 
Similar relations hold for the other three operators. 

The same transformations apply also to the arithmetic 
relations =a and <a ■ One defines =a.u and <a,u by 



< 



-A,U-'- 



--U=aW 
U<aW. 



These relations express the fact that Uljs, St) =au 
U\Ys',S't') if and only if \js,St) =a Ws',S't') and 
U\-fs,St) <AU U\j's',S't') if and only if \js,St) <a 
\^'s' ^S't'). In terms of projection operators for these re- 
lations one has 

{U{^'s'5't')\P=,,U\rs.St) = {is'5't'\P^Als.St) (36) 

where P=^y — UP=^U'^. Similar relations hold for <au 
and <A ■ 

The above shows the importance of the subscripts on 



■7,0"l,0 



the arithmetic operations and relations. \c, 

l4,o"i,o> trivially, but Uc\Qa\o\0) ^a Uc\Qa\o\0) is 

false even though [/cj^ q'^i.oIO) =a,u C^cJ^.o"i,oI'^)- This 
is nothing more than the statement that two spin sys- 
tems, which are in state | H) in one reference frame, 
have nonzero components | tJ,) and | ||) in a rotated 
reference frame. 

It follows from this that if \^s, St) is a rational string 
state in a reference frame with the A arithmetic oper- 
ations and relations, then U\'ys,St) is a rational string 
state in the transformed frame with the UA arithmetic 
operations and relations. However \js,St) and Ul'ySjSt) 
are not rational string states in the transformed and orig- 
inal frames respectively. The reason is that the states 
viewed in the different frames are superpositions of many 
different qubit string states including those with leading 
and trailing Os, which are excluded in the representation 
used here. 

These considerations extend to the real and complex 
number operators. If O is a normalized Cauchy operator 
in one frame, then the transformed operator 



Or 



uou'' 



(37) 



is Cauchy in the transformed frame. However Ou is not 
a Cauchy operator in the original frame and O is not 
Cauchy in the transformed frame. To show that Ojj 
is Cauchy in the transformed frame if and only if O 
is Cauchy in the original frame one can start with the 
expression for the Cauchy condition in the transformed 
frame: 



(38) 



(35) 



\OuU\s,) -AU duU\sk)\AU <AU U\ + , -£) 

for all U\sj), U\sk) >au some U\sh) 
From Eq. 123 one gets 

OuU\j) ^Au duU\skk) - Ud\.s,) -AU Ud\sk). 

From Eqs. 1111 and IT^ applied to —au and Eqs. 1331 and 
1341 one obtains 

ud\s,) -AU ud\sk) = uid\sj) -A o\.sk)). 

Use of 

\-'\au = U\- \aU^ (39) 

for the absolute value operator gives 

|C/(0|S,) -A 0\sk))\AU = U{\d\.s,) -A 0\sk)\A). 
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Finally from Eq. |2il one obtains 

u{\d\sj) ~Ad\sk)\A) <Au u\+,-e) 

^\d\j)-Ad\sk)\A<A\ + ,-i) 

which is the desired result. Thus one sees that the 
Cauchy property is preserved in unitary transformations 
from one reference frame to another. 

To show that Ou is not Cauchy in the original frame 
it is instructive to consider a simple example. First one 
works with the Cauchy property for sequences of states. 
Let / : (—00, n] -^ {0, 1} be a -- 1 function from the set 
of all integers < n where /(n) = 1. Define a sequence of 
states 

|/)m = C^,o4(«),n4(n-l),n-l ' ' ' "/(-m),-™'^) ^^^^ 

for m = 1, 2, • • • . The sequence is Cauchy as ||/0)) —a 
|/(fc))U —A 1+,—^) for all j,k > i. However for any 
gauge transformation U the sequence 

V\!)-m = C+,o(a^)/(«),n • • • (aJ;)/(-,„),_m|0) (41) 

is not Cauchy as expansion of the ajj in terms of the a^ by 
Eq. 1321 gives C/|/)m as a sum of terms whose arithmetic 
divergence is independent of m. 

For the operator O one has the additional problem 
that applying Oij to any integer state |sj) is equivalent 
to applying UO to the state [/^|sj). However this state 
is a linear sum over many integer states. This also shows 
that Ou is not Cauchy in the original reference frame. 

These results can be obtained directly by noting that 
Ou can be expressed as a sum of products of au and 
hu operators and their adjoints. Applying this to an 
original frame state, |sj), which is a product of a^ and 6^ 
operators, gives a complex linear superposition of states 
that is not Cauchy. 

It is useful to summarize the results obtained so far. 
For each gauge transformation U there are associated sets 
TZu,1utCu of Cauchy operators that are real, imaginary, 
and complex numbers in reference frames, one for each 
U IQ]. All frames are unitarily equivalent in that there 
are unitary transformations that relate the operators in 
the U frame to those in the U' frame. This includes 
the relations between the operators in TZu,2u,Cu and in 
TZu' ,1u' tCu- Also an operator Ou that is Cauchy in the 
U frame is not Cauchy in the original frame or in any 
other U' frame. 



FIELDS OF ITERATED QUANTUM 
FRAMES 



The organization of the TZui^UjCu based quantum 
frames into a field structure is based on noting that the 
whole discussion so far can be considered as taking place 
in one frame F that is based on one set each of real num- 
bers R and complex numbers C and one set of continuum 
4 tuples W^ as a space time basis. These are considered as 



external and given in some absolute mathematical sense. 
This frame can also be considered to be the basis of ref- 
erence frames described in the literature, such as those 
in Q-i, @. 

It is clear from the above that F is sufficiently extensive 
to serve as a basis for all physical theories as mathemat- 
ical structures based on R and C. This includes special 
and general relativity, quantum mechanics and quantum 
field theory, QED and QCD, and string theory (if i?'' is 
replaced by R^ where D > 4.) Loop quantum gravity is 
included to the extent that it is based on the real and 
complex numbers. Similar arg uments apply to space and 
spin foam approaches [2^ |2J, |23, |2g| to this topic. 

The previous discussion has also shown that F includes 
a quantum theory description of complex rational string 
states of qubit strings. It includes arithmetic relations 
as properties of these states and arithmetic operators 
on these states. It also contains Cauchy operators, O, 
which satisfy the relevant properties of real, imaginary, 
and complex numbers. In addition F includes all local 
and global gauge transformations U of the complex ratio- 
nal string states and the corresponding Cauchy operators 
Ou ■ Also included is a description of the physical dynam- 
ics of the string of systems whose states are the complex 
rational string states. 

An important consequence of these observations is that 
the frame F also includes many other frames. For each 
gauge U one has a frame Fu that is based on the real 
and complex numbers TZu,Cu and a space time TZfj that 
are sets of the Cauchy operators Ou- Corresponding to 
the basic relations =,< and operations +, x,— ,-f- and 
derived relations of mathematical analysis on R and C, 
in frame F are the relations —rut^ru and operations 
+ru,'Xru,^ru,^r.u and derived relations of mathe- 
matical analysis on TZu and Cu, in frame Fu- Similar cor- 
respondences follow in that all properties of space time 
R"^ in F should have corresponding properties of space 
time Rfj in Fu- 
ll follows that Fu is equivalent to F in that much, and 
possibly almost all, of the physics and math described 
in F by an observer in F can be mapped isomorphically 
into Fu. The ultimate basis for this is the existence of 
isomorphisms between R and TZu, O and Cu, and i?^ 
and TZfj, and the observation that physical theories are 
mathematical structures based on the real and complex 
numbers. 

As an example of the equivalence, let 



G(Ai • • • A„) = 



(42) 



represent a physical law in frame F. Here G is some 
function of the n variables and constants, denoted col- 
lectively by Xi, ■ ■ ■ Xn, that take values in R, C, and i?^ 
and in other physical variables. The structure of G is 
ultimately based on the basic and derived relations for 
R, C and _R*. This law has a corresponding expression in 
Fu: 



Gu{{Xu)i ■ ■ ■ iXu)n) =Ru Ou- 



(43) 



Here Gjj is obtained from G by replacements 



-RU 



<^< 



RU, H '■ +RU-, X 



-RU 



and 



-RU, 



-^RU- Also 0(j is a Cauchy operator that is the number 
in TZjj . This also assumes that the ranges of the variables 
and values of the constants appearing in Eq. 1421 have 
correspondents in Fu- 

In addition all frames Fjj are unitarily equivalent re- 
garding their descriptions of physics and math. This can 
be seen by noting that in the frame F the sets TZu and 
Ti-u', and C[/ and Cw, where U and U' are two gauge 
transformations, are related by a unitary transformation. 
In particular one has 



Ou' = U"OuiU") 



'Mt 



(44) 



where U" ^U'W. 

Note also that the frame F/^j where U is the identity is 
one of the frames Fu . It is not the same as the frame F 
as TZiD — Ti- and Cjd — C are (equivalence classes of) the 
Cauchy operators O. It is also the case that the choice of 
which gauge transformation U is the identity depends on 
a corresponding choice of a rational string state basis in 
F. Since this is arbitrary and all bases are equivalent, the 
choice is much like gauge fixing in quantum field theory. 

The relationship between frame F and the frames Fjj 
is shown in FigQ] All Fjj with TZu,Cu and space time 
TZfj are seen emanating from the base or parent frame F. 
The three frames shown with arrows are examples of the 
connections from F to each of the infinitely many frames, 
exemplified by the solid vertical double arrow as there is 
one frame associated with each U. 




An observer in Fjj has a different view. To him TZu,Cu 
are abstract sets just as R and C are abstract to an ob- 
server in F. The observer in Fjj cannot see TZjj and Cu 
as Cauchy operators in an underlying frame. Similarly 
he views space time, TZfj, as a 4— tuple of abstract real 
numbers. This limit on his vision occurs because the 
observation that Ru, Cu are sets of Cauchy operators is 
external to or outside of his frame. In this way his view 
of the real and complex numbers and space time is the 
same as that of an observer in F about his own real and 
complex numbers and space time. In addition, the ob- 
server in Fu cannot see the frame F. This is a result of 
the abstract, external nature of TZu,Cu, and TZfj. 

Possibly the most important aspect of the frame rela- 
tions shown in Fig. ^is that the construction can be it- 
erated. This is based on noting that the definitions of bi- 
nary complex rational string states, the basic arithmetic 
relations —a and <a and operations +a, ^A,—A,-^i,A, 
Cauchy conditions, and definitions of the Cauchy opera- 
tors, all have their equivalent definitions in Fu- Note that 
a rational string state \'ys, 5t)u in Fu is not the same as 
either the state |7S,J, i) or U\js,5,t). 

This iteration is illustrated in Fig. [3 that shows two 
stages of the iteration as well as the base frame F at 
stage 0. At each stage only three of the infinite number 
of frames, one for each gauge U, coming from each parent 
are shown. One sees that each frame in stage 2 has an 
infinite number of parents, one for each gauge U, and 
each frame in stage 1 has an infinite number of children, 
one for each gauge U. 




U"2 



FIG. 1: Relation between a Base Frame F and Gauge Trans- 
formation Frames. A frame Fu is associated with each gauge 
transformation U of the rational string states in F. The three 
frame connections shown are illustrative of the infinitely many 
connections, shown by the two headed vertical arrow. Each 
Fu is based on real and complex numbers TZu , Cu and a space 
time arena TZfj ■ 



There is an asymmetric relation between the parent 
frame F and the Fu frames. An observer in F can view 
the Fu frames and see and describe their construction. 
He can see that for each U, TZu and Cu, as sets of Cauchy 
operators on rational string states, and TZ^ are the real 
and complex numbers and space time arena that are the 
basis of Fu- 



FIG. 2: Three Iteration Stages of Frames coming from 
Frames. Only three frames of the infinitely many, one for each 
gauge U, are shown at stages 1 and 2. The arrows connecting 
the frames show the iteration direction of frames emanating 
from frames. 

It is also clear from the preceding that this iteration 
can be continued indefinitely to give stages 0, 1, 2, • • • . 
Each stage j contains an infinite number of frames {Fj)u, 
one for each gauge U. Each {Fj)u has an infinite num- 
ber of children, {Fjj^i)u, one for each U, and an infinite 
number of parents, {Fj-i)u, also one for each gauge U. 
Also any frame {Fj)u at any level j can serve as the 
origin of a one way infinite directed structure of frames 
emanating from frames just as the frame F does in Fig. 
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This figure also shows that iterated frame structure 



03 




1 2 J J+1 

Stages 
FIG. 3: One way Infinite Iteration of Frames coming from 
Frames. Only three of the infinitely many frames, one for 
each gauge U are shown for stages 1, 2, ■ ■ ■ , j, j + 1, ■ ■ • . The 
arrows connecting the frames show the iteration or emanation 
direction. The center arrows labeled ID denote iteration of the 
identity gauge transformation. 







-1 1 J J+1 

Stages 

FIG. 4: Two way Infinite Iteration of Frames coming from 
Frames. Only three of the infinitely many frames, one for each 
gauge U are shown at each stage • ■ • , —1, 0, 1, • ■ ■ ,j,j + 1, • ■ ■. 
The solid arrows connecting the frames show the iteration 
or emanation direction. The wavy arrows denote iterations 
connecting stage 1 frames to those at stage j. The straight 
dashed arrows denote infinite iterations from the left and to 
the right. of the identity gauge transformation. 



can be viewed as a field of frames on a two dimensional 
background of discrete stages in one direction and contin- 
uous gauge transformations in the other direction. Each 
point on each of the two headed arrows corresponds to 
a frame. The abcissa and ordinate denote respectively 
the discrete stages and the gauge transformations. The 
central arrows labeled " ID" denote the identity gauge at 
each stage. Its location on the gauge axis depends on 
the arbitrary choice made in F to represent the complex 
binary rational string states. Since an observer in F can 
see all frames downstream he can determine which gauge 
at each stage is the identity. 

One also notes that the whole structure shown in Fig. 
13 can be translated to any frame. That is, any frame at 
any stage, can serve as the origin of a coordinate system 
just as F does in the figure. In this case the arbitrary 
choice in the new frame of the gauge for the complex 
rational string states is the identity gauge for the new 
set up. In some ways this is similar to coordinate frame 
translations and rotations in usual 3D space. 

The frame field in Fig. |3| has the problem that not 
all frames are equivalent. The base frame F is unique 
or special in that for it R, C, and space time R^, are 
external, or abstract and given. They are not sets of 
operators in any frame. These aspects of F are outside 
the whole frame field of the figure and would have to be 
meaningful in some absolute sense, whatever that is. 

One way to escape this problem is to extend the frame 
field to infinity in both stage directions. This is shown 
in Fig. 0] where stages are labeled with all integers. In 
this case there is no special frame as each frame has an 
infinite number of children and parents, one child and 
one parent for each gauge U. The frame field retains 
the basic direction of frames emanating from frames as 
expressed by the parent child relationship. 

This provides a satisfactory solution to the problem of 
the meaning of the existence of R, C, and i?'* in some 



absolute sense. For the two way infinite frame field there 
are no external or abstract R, C, and i?^. The frame field 
is background independent in that there is no space time 
or real or complex number fields that exist in an absolute 
sense. 

Instead these exist in a relative sense only in that the 
real and complex number basis for each frame in the field 
are external and abstract for an observer in the frame. 
They are not external or abstract for an observer in any 
parent frame as they are consist of sets of Cauchy opera- 
tors based on gauge transformations of complex rational 
string states in the parent frame. In this way the notion 
of idealized mathematical existence of real and complex 
numbers and of space time is relative as it is internal to 
the frame field. It has meaning only for observers within 
frames. This point will be taken up again in Section IVIII 
on the connection of the frame field to physics. 



VI. STRING NUMBER BASES 

A. fc > 2 

So far, the treatment has been based on qubit strings. 
These correspond to binary representation of numbers. 
However, from a mathematical or physical point of view, 
there is nothing special about the base 2. Any base k 
with k > 2 is just as good as any other. Use of the base 2 
as the basis of computations may have computational ad- 
vantages, but these do not seem to be relevant to physics 
in any basic sense. 

It follows that the restriction to A: = 2 should be re- 
moved. The approach taken here to accomplish this is 
based on what might be called the maximum efficiency 
of representing all rational numbers as the set of all finite 
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digit strings in a base k. Note that the representation of 
a real or imaginary rational number is by a single string 
state, not by pairs of string states. 

The problem at hand is to determine the smallest 
base, kmin for representing the rational number 1/n 
exactly as a finite base k digit string. It is easy to 
convince oneself that if n is a prime number, then 
kmin = n. li n = Pi^P2^ '■■Pm'" i^ ^ product of m 
primes to powers hi- ■ ■ hm , then kmin = P1P2 ■ ■ ■ Pm is 
the product of the m primes all to the first power. It 
is sufficient to consider representations of 1/n because 
any base k that can represent 1/n exactly can also 
represent j /n exactly where j is any integer. For 
n = 2, 3, • • • the corresponding pairs (n, kmin) are 
(2, 2), (3, 3), (4, 2), (5, 5), (6, 6)(7, 7), (8, 2), (9, 3), (10, 10), 
etc. One sees from this that the sequence of increasing 
minimal bases is given by kmiri = Pi ■ ■ ■ Pm the product 
of the first m primes for m = 2, 3, 5, • • • . 

These aspects can be incorporated into the use of com- 
plex rational string states by expanding the qubit base 
to a qukit base where 



P1P2 ■■■Pn 



(45) 



There are two options. One is to consider qukits as sin- 
gle systems with k internal states. These would be rep- 
resented here by AC operators aj, -, aaj, bL -, 6/3 j where 
a, (i range over k system states. 

The other option, which will be used here, is to con- 
sider a base k qukit where k satisfies Eq. 03] as an m 
tuple of qupits , qu2it x quZit • • • x qu{pm)ii, as a product 
of m systems with the j system type having pj internal 
states. These would be represented by m different a and 

b operators {a\)a^^j, (aL)a™j: (4)/3ij, ' • ' , (^L)/3^j and 
similarly for the annihilation operators. Here a^, /3j refer 
to Pj different states of the type j system. 

In this case the individual creation operators appear- 
ing in Eqs. El and 0] that define the complex rational 
string states [75, 5t) are replaced by a product of the m 
different types. That is, aL -\ ■ and 6L ., are replaced by 

nr=i(al)saj)j and UT=iibi)t^(j),j in these equations. 
In this case a state \js,5t) is given by 

Ur m Ui ra 

\is,5t) = 4,0 n n(4)s.a),,4o n n(^i)*.oijio)- 

j=l^ h=l j=li h=l 

(46) 
Here Sh and th are functions from their respective do- 
mains [Zr, Mr], [^i, Ui] to {0, l,---,pft — 1}. Alternatively 
this state could be represented as the product of the 
states of m qupjit strings, one for each j — 1,2,- ■ ■ ,m : 

Ur Ui 

\^s,st) = x'.'Lj^^o n(4)..o),.4o n(^i)*'.o)..'-io)]- 

(47) 

Definitions of the arithmetic relations, —a and <a, 

and operations +a, x^, —a,^a/ are more complex but 

nothing new is involved. It is similar to changes needed 



in replacing single digits which can range from to /c — 1 
to an m tuple of digits where the hth ranges from to 
Ph — 1- Similarly the definitions of the operators O and 
their Cauchy convergence can be extended to apply here. 
In this case the nonnegative integer states \"/s) become 

\"fs) = c'^^onr^il'^Dfo'u ll*^) '^^^^ *^^ Cauchy condition 
given by Eq. |231 

As was the case for A: = 2 these extended Cauchy op- 
erators can be collected into equivalence classes that are 
real and complex numbers TZk , Ck ■ Also TZf. can be used 
to represent space time. The resulting reference frames 
for different values of k are all isomorphic to one another 
as TZk and Ck are isomorphic to TZk' and Ck' ■ 

Local and global gauge transformations are extended 
here from being elements of SU{2) to elements of the di- 
rect product group U{1) x SU{2) x S'[/(3) x SU{b) • • • x 
SU{pm)- For each element U = C/i x C/2 • • • x Um of 
this group one can describe corresponding real and com- 
plex numbers and space time Ru^Cu, and Rfj. The 
reason [/(I) is present will be discussed shortly. It 
is interesting to speculate that if the prime numbers 
correspond to the number of projections of spin sys- 
tems then the group product above corresponds to spins 
0, 1/2, 1,2,3, 5, • • •, (pm — l)/2. All these systems are 
bosons except the spin 1/2 systems which are fermions. 
Also the local gauge group t/(l) x SU(2) x SU{3) plays an 
important role in the standard model of physics [23, llg ■ 



k 



Unary representations of numbers are not usually con- 
sidered because the length of strings of one symbol 
needed to represent a number n is proportional to n in- 
stead of log n. Also all arithmetic operations are expo- 
nentially hard. However this representation should be 
included here because 1 is a prime number and because 
it is present in an essential way. 

It is of interest to note that base restrictions for ex- 
pressing rational numbers, 1/n, as finite strings in differ- 
ent bases does not apply to integers. All integers can be 
expressed as finite strings in any base. It is tempting to 
ascribe this to the observations that 1 is a prime factor 
of any integer and that integers seem to be the only type 
of number expressible in an unary representation. 

The reason the unary representation is present in an 
essential way is that it is the only number representation 
that is extensive. Any finite collection of physical systems 
is itself an unary representation of a number, the number 
of objects in the collection. Also the magnitude of any 
extensive physical property of a system which changes in 
discrete steps is an unary representation of a number, the 
number of steps in the magnitude. 

In the same sense a string of qubits is an unary repre- 
sentation of a number that is the number of qubits in the 
string. This is the case whatever states the qubit string 
is in, including complex rational string states. It fol- 
lows that one should include global and local U{1) gauge 
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transformations. These correspond to transformations 
on the AC operators in Eq. O given by 



7^ -^ Tin'' — p^^in^ 



^L 



Uub' 



I3,k 



irpkb 



/3,k 



(48) 



If 9j and (j^k are independent of j and k then L'^ is a gfobal 
gauge transformation. Otherwise it is locaL 



VII. CONNECTION TO PHYSICS 

A. General Aspects 

It is useful at this point to define a frame stage operator 
W{U), parameterized by U, that takes a frame Fjji at 
stage j to a frame Fjjn at stage j + 1 : 



Fu" = W{U)Fu 



(49) 



of 



where U" = UU' . For any path Fu^ , Fu^^-, , • ' • , Fu^+h 
frames from stage j to stage j + h there is an associated 
product of frame stage operators that relates the initial 
and final frames by 



Fu,+, - W{U'^+,MiU',+,,_,) ■ ■ ■ W{U;+,Fu^ . (50) 



Here 



Uj+k - U'j+kUj+k-i 



(51) 



for k — I, ■ ■ ■ ,h. 

It follows from the properties of frames in the frame 
field that W{U) can be expressed as the product of an 
isomorphism / and a gauge dependent operator V(U) 
as W{U) = V{U)L Here / = W{ID) is the stage step 
operator corresponding to the identity gauge and V{U) 
changes a frame Fjji at any stage to a frame Fjjn at the 
same stage. Since all frames at any stage are unitarily 
equivalent, one sees that any pair of frames in the field 
are equivalent as far as physics is concerned. The phys- 
ical descriptions and dynamics of systems on one frame 
is related to that in another frame by a product of iso- 
morphisms W{ID) and unitary equivalence maps V{U). 
However this is quite different from saying the physics is 
the same in each frame. 

This is in direct contradiction with our experience. 
Physically there is only one space time as R'^, and there is 
one set each of abstract real and complex numbers. The 
space time arena in which physics is done includes all of 
space time and it covers cosmological as well as Planck 
aspects. There is no multitude of space times and of real 
and complex numbers which are unitarily and isomorphi- 
cally related. 

The consequence of this is that there is an important 
ingredient left out of the treatment so far. This is that 
one must investigate various methods to make the physics 
in all frames the same, not just unitarily and isomorphi- 
cally equivalent. If this can be achieved then all frames 



in the frame field describe the same physics which, hope- 
fully, is the physics that is observed. Note that it is suf- 
ficient to show that any one frame can be identified with 
a parent frame. This is sufficient to collapse the frame 
field to one frame. 

Details of how to achieve this must await future work. 
They may include quantum to classical limits by letting 
the qubits become increasingly complex, massive, and 
more classical, taking m on p,„, the mth prime, to infin- 
ity, and many other possibilities. One should also note 
that the existence of superselection rules corresponds to 
a reduction of frames as there are no frames connecting 
superselected subspaces of states 0, Q . 

Another point concerns experimental support for the 
frame picture shown here. This is especially relevant be- 
cause our experience does not show in any direct way the 
existence of many frames. One possible way this might 
occur is for a physical prediction or theory to arise from 
the frame picture that has not been possible so far. 

A speculative potential candidate is a new approach 
to the unification of gravity with quantum mechanics. 
This is based on the observation that the frame structure 
shown here allows a different approach to this problem 
and possibly to other problems. So far, attempts to solve 
this problem, such as string theory, correspond here to 
an observer in a frame F trying to unite quantum me- 
chanics with gravity for the space time and real, i?, and 
complex, C, numbers of his own frame. One might ex- 
pect problems with this since i?, C, and the space time 
i?^ are abstract and given entities for F. All properties 
they may have, that derive from their origin as operators 
on physical systems, are external to F. They are available 
to an observer in a parent or ancestor frame but not to 
an observer in F . 

This results in the possibility that some physical prop- 
erties of Cauchy operators that are based on systems in 
rational string states in a parent frame could be inter- 
preted by an observer in frame F as the existence of 
gravity for his background space time. This avoids the 
situation of an observer having to tie gravity with quan- 
tum mechanics for his own space time. Also since every 
frame has parent and ancestor frames (Fig. 0J observers 
in all frames would report the existence of gravity in their 
physical universe. At this point, this idea remains to be 
verified. However, if it is successful, it would help to 
support the view presented here. 

It also is worth noting that the two way infinite frame 
field. Fig. ^ shares a feature in common with loop quan- 
tum gravity [llL ll^ . This is that they are both space 
time background independent. Here he background in- 
dependence is based on the observation that there is no 
fixed external space time background associated with the 
frame field. Space times are backgrounds only in a rela- 
tive sense. Each frame has a space time that is a back- 
ground to an observer in the frame. However there are 
as many space time backgrounds as there are frames in 
the frame field. No one is privileged over another. There 
is no space time background for the field itself. 
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B. The Decoherent Free Subspace Approach 

One approach to connecting the frame field to the one 
observed frame of physics is based on changing the defi- 
nition of qubits in a way so the qubit states are invariant 
under a group of some gauge transformations. This has 
the result of collapsing all frames at any stage j that are 
distinguished by any gauge U in the group into one stage 
j frame. If this could be extended to all gauge U, then 
all stage j frames could be collapsed into just one frame 
at j. 

This idea is already in use in a slightly different context 
in the theory of decoherence subspaces (DFS) [3, l29l| . 
The goal of the DFS method of constructing quantum 
error correction codes is to exhibit two subspaces of states 
of two or more physical qubits that are invariant under 
different types of errors. States in one subspace are the 
logical qubit states. States in the other are the 1 logical 
qubit states. 

This distinction between logical and physical qubits 
has not been made so far in that logical qubit states 
have been identified with states of physical systems as 
physical qubit states. In general, however, logical qubit 
states, correspond to projection operators Pq^Pi^ on two 
subspaces of states of two or more physical qubits. Any 
pure state of physical qubits in the Pq^ or Pi^ subspace 
corresponds respectively to a logical qubit state |0)l or 
|1)l. Mixed states in the subspaces would be represented 
by density operators po^ , Pif, • 

In this more general case the whole construction pre- 
sented here of complex rational string states, real and 
complex numbers as Cauchy operators, and different 
frames Fu with associated space times Tty, would be 
expanded to describe rational string states in terms of 
strings of the logical qubit subspace projection operators. 
The advantage of this approach is that, logical qubit sub- 
spaces can be defined that are invariant under the action 
of global gauge U acting on the physical qubit states. 

The DFS approach 9, 29] to quantum error avoidance 
in quantum computations makes use of this generaliza- 
tion. In this approach quantum errors correspond to 
gauge transformations [/, so the goal is to find subspaces 
of states that are invariant under at least some gauge U . 
One way to achieve this for qubits is based on irreducible 
representations of direct products of SU{2) as the irre- 
ducible subspaces are invariant under the action of some 
U. Here, to keep things simple, the discussion is limited 
to binary rational string states (fc = 2). 

As an example, one can show that 6] the subspaces 
defined by the irreducible 4 dimensional representation 
of SU{2) X SU{2) are invariant under the action of any 
global U. The subspaces are the three dimensional 
subspace with isospin I — 1, spanned by the states 
|00), 111), l/\/2(|01) + |10)) and the / := subspace con- 
taining l/\/2(|01) — |10)). States in these subspaces are 
logical qubit states. The action of any global U on states 
in the / = 1 subspace can change one of the I^ states into 
linear superpositions of all states in the subspace. But it 



does not connect the states in the 7=1 subspace with 
that in the 1 = subspace. 

It follows that replacement of the physical qubit states 
in the complex rational string state by logical qubit states 
from the invariant subspaces, gives the result that, for all 
global U, the Fjj frames at any stage j all become just 
one frame at stage j. The price for this frame reduction 
is the increased entanglement complexity of logical qubit 
states in a parent frame at stage j — 1. 

This process can be extended in several ways. One way 
is to consider logical qubits whose states are superposi- 
tions of states of 3 physical qubits 0, Q . In this case the 
subspaces of interest are the 8 dimensional irreducible 
subspaces of SU{2) x SU{2) x SU{2). These correspond 
to one / = 3/2 subspace and two / = 1/2 subspaces of 3 
physical qubit states. In |^|3| the two / = 1/2 subspaces 
are taken to be the logical qubit and 1 subspaces. 



VIII. SUMMARY AND DISCUSSION 

In this work the basic importance of real and complex 
numbers to physics is emphasized. All physical theories 
are mathematical structures over the real and complex 
numbers, and space time is based on a 4 tuple of the real 
numbers. These aspects have been used to define fields 
of iterated quantum frames that are based on underlying 
complex rational string states and their gauge transfor- 
mations. Rational string states are defined as products 
of AC operators acting on the vacuum string state. Se- 
quences of these states are replaced by operators O acting 
on the string states corresponding to nonnegative inte- 
gers. 

The Cauchy condition for sequences of these states is 
used to define Cauchy operators. (Equivalence classes 
of) These operators are real and complex numbers in the 
same sense as elements of R and C which are the basis 
of the Fock space in which the AC operators are defined. 
The sets TZ,C and 7?.'* of Cauchy operators are the real 
and complex numbers and space time that are the basis 
of a stage 1 frame Fi . 

The frame base is greatly expanded by gauge transfor- 
mations on the rational string states. For each gauge U 
one has sets of Cauchy operators Ou that correspond to 
real TZjj and complex Cu numbers and space time TZf,. 
These form the basis for an infinite number of stage 1 
frames Fjj, one for each U (Fig. ^. All these frames are 
equivalent as they are related by unitary transformations. 
Fi = FjD where ID is the identity. 

This process of frame construction can be iterated in 
one or two directions. This gives either one way infinite 
(Fig. O or two way infinite (Fig. ^J fields of frames 
coming from frames. For a one way infinite field, each 
frame has an infinite number of children frames, one for 
each U. For a two way infinite field, each frame has, in 
addition, an infinite number of parents, one for each U. 
The frame fields have an inherent direction built in that 
is represented by stage labels as integers. 
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Some properties of the frame fields are noted. Each 
frame includes all physical theories as mathematical 
structures over the real and complex numbers irrespec- 
tive of their use of a space time arena to describe sys- 
tems dynamics. All frames at any one stage are unitarily 
equivalent and any two frames at the same or different 
stages are isomorphic to each other. 

The one way and two way infinite frame fields are dif- 
ferent in that the base frame of a one way infinite field 
requires sets of real and complex numbers and a space 
time that is abstract and external in some absolute sense. 
They are not related to any frame. For the two way in- 
finite frame field there are no external abstract real and 
complex numbers and no background space time. All real 
and complex numbers and space times are external and 
abstract in a relative sense only in that they are exter- 
nal and abstract relative to a frame. However they are 
internal objects as sets of Cauchy operators in a parent 
frame. 

An important problem is to connect the field of frames 
to the one frame containing the observed physical uni- 
verse. The goal of any process to achieve this is to iden- 
tify as many frames as is possible with one frame. This 
is needed because it is not sufficient that frames in the 
frame field are isomorphic. They must become the same 
in some limit. It is noted that the method of decoherence 
free subspaces j^, 123 can be used to identify all frames in 
a stage that are related by global gauge transformations. 

It is clear that much remains to be accomplished. How- 
ever one has a very rich structure at hand with many 
possibilities to investigate. Also the structure enables a 
new approach to physical problems in that the dynamics 
of qukit systems in a frame F is reflected in the dynam- 
ics of the Cauchy operators in F. It is possible that this 
would be seen in a frame Fu as some type of effect on 
the space time of the frame. This suggests the possibil- 



ity of a new way to approach the problem of combining 
gravity with quantum mechanics in that certain dynam- 
ics of quantum systems in F appear in Fu as the effect 
of gravity on physical systems. It is also possible that 
the approach of Ashtekar and collaborators [3^ [Sj, |33| 
to loop quantum gravity may be useful here. 

Other avenues to investigate include the use of differ- 
ent number bases by expanding gauge transformations 
from those based on SU{2) to those based on elements 
of C/(l) X SU{2) X • • • X SU{pr„). These are suitable for 
qukits where the base k — pi ■ ■ ■ Pm ■ Here Pm is the mth 
prime number. 

Other possible methods of frame identification include 
the possibility of turning the one and two infinite frame 
fields into cyclic frame fields by identifying two differ- 
ent stages. Also the possibility of using the least action 
principle in a Feynman path integral over the frame field 
needs to be examined. 

In any case it is pleasing to note that this approach 
of constructing iterated frame fields corresponds to defi- 
nite steps towards the much desired goal of constructing 
a coherent theory of physics and mathematics together 

M- 

Finally it should be noted that the structure of frames 
emanating from frames has nothing to do with the Ev- 
erett Wheeler view of multiple universes j^. If these 
multiple universes exist, then they would exist within 
each frame in the field. 
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